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Abstract. The concept of a universal T matrix, recently introduced by Fronsdal and Galindo
in the framework of quantum groups, is discussed here as a generalization of the exponential
mapping. New examples related to inhomogeneous quantum groups of physical interest are
developed, the duality calculations are explicitly presented and it is found that in some cases
the universal T matrix, as for Lie groups, is expressed in terms of usual exponential series.

1. Introduction

The relations of the quantum algebra Fun, (SU(2)) generated by the elements &, b, ¢ and
d have the remarkable property of being preserved under matrix multiplication [1]. This
means that if we define

an" bf a” b”
T'= (C’ d!) T" = (C” d!{)
where (@', &', ¢/, d’ }and (2", b", ¢”, d”) are two mutually commuting sets of elements
satisfying the relations of Fun, (SU(2)), then the variables (a, b, ¢, d ) defined by

_ab — T pH
T—(c d)_TT

also satisfy the same relations. This property can be formalized by defining a co-
multiplication A according to

AT)=TRT (1)

where ® denotes matrix multiplication and tensor product of the C*-algebras of the non-
commutative representative functions, [2]. For ¢ = 1 the matrix A(7T), with elements in
®*Fun (SU(2)), gives rise to the ordinary group composition. The inverse matrix then
defines a second operation on the elements (a, b, ¢, d ), namely the antipode

STy=1". ¥))

The antipode and co-multiplication together with co-unit, unit and multiplication are
collected into the Hopf algebra Fun, (SU(2)).

: & On leave from Departamento de Fisica Tedrica, Universidad Complntense, 28040 Madrid, Spain.
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These properties can be abstracted and generalized without referring to matrices. To
show this, we consider the quantization U,(g) of the universal enveloping algebra of a Lie
algebra g with product, coproduct and antipode defined by
mXs®Xg)=fpXc  AX)=hi"Xp®Xc  S(Xa)=5;Xs
where the sum over repeated indices is assumed and where X, are the elements of a
basis of U,(g), as, for instamce, the Poincaré-Birkhoff-Witt basis. If g is 2 compact
form of a semisimple Lie algebra, it is well known that the Tannaka theory establishes a
duality between the universal enveloping algebra and the Hopf algebra of the representative
functions. This kind of duality has also been smdied at the quantum level {2] so that we
can speak of a compact quantum group Fun, (G) satisfying the relations
m*(x€) = £S5, x4 @ xP A*(x® @xC) = hEC x4 S*(x%) = (s7hHE x4
where {x4} is a basis of Fun, (G) such that (x#, Xp) = 8§. For non-compact Lie algebras
the duality is more delicate and the functions vanishing at infinity must be determined [3].

In this scheme, independent of the representation, the object that takes the place of the
matrix T, called the universal 7 matrix and dencted by the same letter, is given by summing
the tensor products of all the corresponding elements of a pair of dual bases [4]:

T=x A & X A

The structure of T and the Hopf algebra operations naturally suggest two kinds of mappings,
the first one using the multiplication of U,(g),

TO®T = (x* @ x%) @ m(Xa ® X5) &)
the other being obtained from the multiplication of Fun, (G),

TRT=A"(x" x5 @ (X4 ® X5). 4)
It is straightforward to see that the duality relations yield the equalities

m* N ®Xa=TQT P RARXN=TST (5)
and

S @ Xy =x@S(Xa) =T (6)
where T~ is defined so that
A (TRT ) =A"(T7'¢T) =1 and m(T®T N =m(T'@T)=1.

For the sake of clarity let us consider the explicit example of a compact Lie algebra g

with corresponding Lie group G and representative functions Fun (G). If X, (k= 1,...n),

are the generators of the Lie algebra, a basis of the universal enveloping algebra is
of the form X, = X{'X3'...X%. The dual elements x* & Fun(G) are then x4 =
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x{txgt ....x,‘:" flartaal. .. anl)  where {xp, X;} = 8. Therefore the universal T matrix
results in

x?l @ thll x:n @ Xﬁn QX X @X,
T_Z al! ...GZH an! =& P @ .

It appears that the evaluation of 7 on an ¢lement of the group G reproduces that element
expressed by means of the exponential mapping between g and G, and therefore in the case
of Lie groups the universal T matrix can be regarded as a resolution of the identity mapping
of G into itself. This point of view must be slightly modified in quantization: recalling that
the evaluation determines a character on the algebra of the representative functions, we see
that this character reproduces itself when applied to the universal T matrix, despite the fact
that x4 are now elements of a non-commutative C*-algebra.

In the standard framework [1] the quantum relations are obtained using the matrices
T®1and 1® T, Accordingly we define

TT=x*"®X,s01 Lh=x2@1A®Xp)

so that the products 71755 and 727 read

hh=A0'®r)®Xs0Xs)  Bh=A0G"0x)e® X0 Xp)
and, as shown before, they can be expressed in the form

1T = 2% @ A(Xe) LT =x° @ 0 A(Xc)

where o(X @ Y) = ¥ ® X. We then see that when an R-matrix does exist, its defining
property RAR™! = o A gives immediately the algebraic relation

RTiL=LTR (7

which, when represented, reproduces the well known quantization prescription, [2].

In the next section we briefly summarize the results for the quantum group SU,(2),
which, up to minor additions on the antipode, are contained in [1]). The purpose for doing
so is two-fold: first we find it useful to give a developed example of the way in which
the universal T matrix works; secondly we want to establish explicit relations that will be
relevant to discuss the universal T matrix for some inhomogeneous quantum groups that
are related to SU,(2) and useful for physical applications, namely H, (1) [5), E,(2) [6]
and Ty (1) [7). These will be presented in subsequent sections where we shall see that
the T operator, expressed in terms of g-exponentials for SU,(2), in some cases and in an
appropriate basis is simply given by a product of exponentials.

2. The universal T matrix for SU,(2)
Starting from the usual generators J,., J- and J3 of SU,(2) we define

E=&5?]  F=e?h?]
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that satisfy the commutation relations

2 sinh (zJ3)

[ E]=E [J3, Fl=~F B, F]=—"=

The coproduct and antipodes now have the form
AE=1QE+E Q" AF=¢*"@F+F@1 Al=1@ L+ /5 ®1

. ®
S(EY=—e*hE S(F)=—e5 F S(h) = —Js.

In order to find the T operator we must determine the dual Fun, (SU(2)). We thus
begin by defining the elements ¢, y, n dual to the generators E, F, J3 satisfying

(¢, F) =1 (v, J5) =1 (n, E) =1. ®
The three elements ¢, y, 1 generate Fun, (SU(2)) as an algebra [1] and satisfy

[¢,n]=0 v.¢l=—z2¢ lyv.nl=-z1. (10)
The coproducts and antipodes are

m )= @1+ A1+ ® e 1)
m* () =1+ (1® e"’ﬂ)(l @1+n® 4’)_1(7? & e-y,fz)

(11)
. (-1 ®¢)"
m'(y)=1@y+y®1-2z Zn:m
S*(p) =~ + nerg)l e’ g S*(n) = —netPe ™2 + ne’2g)”!
(12)

S*(e}'/z) =2 n e?/2¢ .
The elements
Xjg=F i J; E?

define a basis of U,(su(2)). A direct verification shows that the corresponding dual basis
in Fung (SU(2)) is given by
jRE __ ¢j Lk_ ??8
1! &l [€]-;!

where [r]; = (€*" — 1)/(¢* — 1) and [n]! = [n]}; [n — 1], ---[2]; [1.
The universal T matrix is then {1]

T = of®F 704 19F (13)

Al . ,
where e = 3 ] (to compare with [1] g = g’ = &/%),
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The content of (5) can now be made explicit. Indeed, if for any element &
Fun, (SU(2)) we resume the initial notations & = £ ® 1, £ = 1 @ £ and we rewrite
(11) accordingly, we get the suggestive result

'QF y'®J; WOE\ [ $'OF y"@) JHBEY _ .mHIBF . (p)h BE
(e2'®F &7 %3 T 25 Y(ef ©F 7" @ 67 P) = 9O ¢ el

= e Y e eV RIRF oy +y" =22 Lo (=18 (-~ N@ s

% e(_n:+e-f’f=c1+n'¢>"rln'e**"ﬂm's_ ) (14)

" Obviously, in the limit z — 0 we recover the exponential mapping and the Lie group
multiplication, Moreover (14) gives a very neat example of the conditions posed by the
Friedrichs theorem [8]: indeed the non-commutativity of Fun, (SU(2)) and the presence
of non-standard exponentials is needed to compensate the fact that the generators of the
quantum algebra are no longer primitive. Additional peculiarities are also connected with
the antipode, but we shall present them for the Heisenberg quantum group with the explicit
calculations, which, in that case, are much simpler. We finally observe that the expression
for m*(y) depends on z and that the limit z — 0 gives the classical composition law

i’_u;% m*(y)=10y+y@1+2logdl®1+13849).

3. The exponential mapping for H,(1)

In [5] a quantum deformation of the Heisenberg group has been determined. With a slight
change in the definitions with respect to [5] the commutation relations of the generators a_,
a4 and H of the quantum Heisenberg algebra can be written in the form

[a_,a+]=51‘-'-h$"—m [H,-1=0.

The corresponding coproducts read

A@)=1®a-+a_®e"¥ Alay)=e""@a, +a, 81
H being primitive, while the antipodes are

S(a-) = —e*"a_ S(ay)=—e"Hq, S(Hy=—H.

In order to determine the dual structure Fun, (H(1)) we consider the generators ¢, 8,
satisfying {x,a-) =1 {8, H) =1 {8, a}) = 1 with commutation relations, coproducts and
antipodes given by: )

[, 8] =0 B¢l = —we (8.8]=—w$
o) =e®l14+1Q0w m (B =®@1+1RF+a®s
m@)=501+1®4 ()

Sa) = —u S*B)=—-f+ab S*(8) = —48.
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A direct calculation shows that {62 g° ¢, ¢ H® a{) = al!8;4 b18p, ¢! 85, 50 that the T
4+ F
matrix results in

T = F@a,. eﬁ@H e¥®a.

Unlike the case of SU,(2) and similarly to what occurs for Lie algebras, the universal T
matrix is now expressed in terms of simple exponentials: however, as already observed at
the end of the previous section, the non-primitive nature of the quantum generators a—, a..
and H must be compensated by the non-vanishing commnutators of the C*-algebra elements
é, o and § in order to reproduce the same ‘group composition’ of the coordinates as given
in (15). Let us also show directly that the inverse of the universal T matrix cannot be
expressed in terms of exponentials of the antipodes: indeed, from (6),

59 b
T—1=S( 1ﬂ )® Hb L. (Q’)C S*(,B)b S*(a)a ®a+Hb c
al bl ¢! el
aaﬁb b o aaﬁbac . b .
73;?@5( §H al)= 00 — ® S(a-) S(HY Sas)’,

If we re-order the terms in this expressions to reconstruct an exponential series, we find

T—l = —a@a. e—ﬁ@ﬂ e"ﬁ@“-}-

namely the obvious expression that, however, does not have the chosen ordering of the three
exponential factors: this, indeed, is related to the deep question of what should be taken as
a quantum analogue of the classical Baker—Campbell-Hausdorff formula [10].

It was shown in [5] that the results for H, (1) can be obtained by contracting the quantum
algebra SU,(2). It is interesting to observe that this procedure also holds at the level of
the quantum group Fun, (SU(2)) and therefore the T matrix itself can be obtained by
contraction. Indeed, the rescaling a_ = &'/2 E, a. = &2 F, H = g 2J;, with w = g71z/2
reproduces, in the limit &£ — O the quantum algebra H;(1). In order to maintain the pairing
relations (9) we have to define o = £72n, B = ¢ 'y/2 and § = £~12¢: the relations
of Fun, (H(1}) are simply obtained by using this rescaling on Fun, (SU(2)) and taking
& — 0. The T matrix for H,(1) is then calculated from that of SU,(2) by taking the limit
g — 0: becauge of this limit it is clear that the g-exponentials become usual exponentials,

4. The case of Euclidean and Galilei quantum groups

In this last section we shall determine the T matrices for two inhomogeneous quantum
groups, the Euclidean quantum group E,;(2) and the Galilei ,(1).

The quantizations of E(2) have been thoroughly discussed in [9]. Here we shall be
concerned with that quantum deformation, initially found in [6], which can very simply be
obtained by a contraction of the SU,(2) algebra, rescaling the generators as

P+=EJ+ P =cl_ J=10

and taking the limit &£ — 0.
If we define the new basis (b-, J, b.), with

b_=e2p_=¢F b, =e’2P_=GE
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and denote by (7., m, @) the dual basis of (b_, J, 5.}, the relations
(m_,b_)=1=(n_,eF)=(en_, F) {r, J) = 1= (m, J5)
(i b)) =1 = (my, 8 E) = (emy, E} .

imply that w_ = &7'¢, m = y, ny = 715 . where (é.y,n) have been introduced
in section 2. By means of these rescalings we can directly contract the relations of
Fung (SU(2)) obtaining ’

[n_,m4]=0 [, 7_]=—zm_ [z, ms]l = —z 7y, (16)

Let us notice that the algebra relations in (10), (13) and (16) all have the same structure.
In the limit £ — 0 the coproducts read

m*(ry=n_®@l+e " @n_ m*(n) = 1@r+r ®1 m*(w.) = 1@me+n.®@e™™
and the antipodes
S*(m)=—e"m_ S 7)) = ~-x S*(my) =—m e .

It is not difficult to show that this structure is equivalent to the one found in [4,9,11]. It
allows, however, a very plain determination of the universal T’ matrix. Indeed, contracting
the expression (13) we find
T = e:r-@b_ err@.f eJ!‘+®b+ (17)
z -z " -
Using the fact that

ef w edts if AB=¢e*BA

A
eZZ Z

all the properties of T can be directly verified.

Let us finally analyse the resulis for the deformation of the one-dimensional Galilei
group, I'; (1), which, as shown in [7], has remarkable physical applications since it describes
the dynamical symmetries of magnon systems on a linear lattice. Contrary to what occurs
for E,(2), the quantum group I;(1) cannot be obtained from a contraction: therefore, in
order to find the expression for the T matrix we have to determine the explicit duality
relations.

The Hopf algebra of Iy (1), [7], is defined by the commutation relations

[B, P]=iM [B.T] =i/a sin(aP) [P.T]=0 M. ]=0
with coproducts, antipodes and co-uniis .
AB=e¢P @ B+ B® &P AM =719 @ M + B ® eld”
AP=1Q@P+P®1 AT =1@T+T2l1
S(Ty=-T S(By=—B —aM S(Py=-"~P S(M)=-M.
If we define the pairing
(pomy={x, Py={t,T) =, b) =1
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where m = ¢™#F M and b = ¢'*F B, we get the relations for Fun, (I'(1))
[v, x] = 2iav [v, 1] = —av® Ix, u] = —2iap t,.1=0
while the coproducts, antipodes and co-units are as in the Lie case, namely

Av=1@u+v®1 Ap=1Q9u+p@l+ivex—12v"®1¢
Ar=1®r+:@1 Ar=1@x+x®1+iv®t.

Defining the basis of (1) as Xgped = me PPT°p? the dual basis of Fung (I'(1)) is
(ufxPrev?) /(@ 1b e ld ), so that, as for the Heisenberg group, the universal T matrix
is given in terms of simple exponential series

T = ep-@m cx@." et@? evsb ]

To conclude, we can mention that universal T matrices for other inhomogeneous
quantum groups, such as the singular deformation of E(2), [9], or the three-dimenstonal
Euclidean group, {5], can be obtained along the same lines. Obviously, in the presence of
an R-matrix, the duality relations are more easily determined. This is, for instance, the case
of Fun, (E(3)), whose relationst, in the notations of [5],

[z, X] = —wix 6, %] = w sin® tan(6/2) [¥, X¥] = w¥ tan(8/2)

[6,z] = w sin@ ¥, zl=wy [w, ¥] = —2w tan{8/2)

are defined in terms of (7).

5. Concluding remarks

Starting from the definition of the universal 7 muatrix given in [4], we have stressed its
direct connection with the exponential mapping for Lie groups. The T matrix collects both
the structure of the quantum algebra and of its dual and allows an algebraic formulation of
the standard ‘RT T’ relations. Its expression in terms of g-cxponentials, as already given in
[1], is found to reduce to the usual exponentials for those inhomogeneous groups for which
the quantum parameter can be re-absorbed by a new definition of the generators of the
quantum algebra [5,9]: when this occurs, as for E,;(2) and I, (1), the parameter acquires a
physical dimension and is naturally interpreted as a lattice spacing. Therefore, the universal
T matrix, regarded in [4] as the quantum transfer matrix in models of (1 4 1) lattice
field theory, can also naturally be used for the study of the quantum deformation of group
properties of physical systems with kinematical symmetries generated by quantum aigebras,
as in the cases of magnons and phonons [7, 12]. In this context the explicit structure for
all the semisimple quantum groups and for the other ones relevant for applications (e.g.
g-Poincaré) deserves a careful examination. Moreover, the use of those results in the study
of non-commutative geometry and g-special function should also be relevant,

t Here we take the opportunity of correcting a misprint of [5].
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